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Abstract 

The aim of this paper is two folded. Firstly, we study the validity of the Pohozaev-type 
identity for the Schrodinger operator 

Ax---A--^-, AeR, 
\ x \ 

in the situation where the origin is located on the boundary of a smooth domain Q C M N , 
N > 1. The problem we address is very much related to optimal Hardy- Poincare inequality 
with boundary singularities which has been investigated in the recent past in various papers. 
In view of that, the proper functional framework is described and explained. 

Secondly, we apply the Pohozaev identity not only to study semi-linear elliptic equations 
but also to derive the method of multipliers in order to study the exact boundary controlla- 
bility of the wave and Schrodinger equations corresponding to the singular operator A\. In 
particular, this complements and extends well known results by Vanconstenoble and Zuazua 
[34] , who discussed the same issue in the case of interior singularity. 
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1 Introduction 



In this paper we are dealing with the Schrodinger operator A\ := — A — A/ 1 ;c | 2 , A £ R, acting in 
a domain where the potential l/|a;| 2 is singular at the boundary. Our main goal consists to study 
the control properties of the corresponding wave and Schrodinger equations. Moreover, we are 
aimed to give necessary and sufficient conditions for the existence of non-trivial solutions to semi- 
linear elliptic equations associated to A\. Operators like A\ may arise in molecular physics [2"B] , 
quantum cosmology [5], combustion models [30] but also in the linearization of critical nonlinear 
PDE's playing a crucial role in the asymptotic behaviour of branches of solutions in bifurcation 
problems (e.g. [8], |30j). From the mathematical view point they are interesting due to their 
criticality since they are homogeneous of degree -2. 

The qualitative properties of evolution problems involving the operator A\ require either posi- 
tivity or coercivity of A\ in the sense of quadratic forms in L 2 . Roughly speaking, this is equivalent 
to make use of Hardy-type inequalities. There is a large literature concerning the study of such 
inequalities, especially in the context of interior singularities (e.g. see [36], [2], [17] and references 
therein). The classical Hardy inequality is stated as follows. Assume 17 is a smooth bounded 
domain in M. N , N > 3, containing the origin, i.e., £ SI; then it follows (see [22]) 

/ \y u \ 2 dx- ( jV ~ 2 ) 2 f ^L-dx>0, VuG-Hq 1 ^), (1.1) 
Jn 4 J Q \x\ 2 

and the constant (N — 2) 2 /4 is optimal and not attained. We remind that the optimal Hardy 
constant is defined by the quotient 

ft(Q):= inf f f \Vu\ 2 dxl [ u 2 /\x\ 2 dx). 

In this paper, we consider f2 to be a smooth subset of M. N , N > 1, with the origin x = placed 
on its boundary T. Hardy inequalities with an isolated singularity on the boundary were less 
investigated so far. However, in the recent past some substantial work has been developed in that 
direction. 

It has been proved that, the best constants depends both on the local geometry near the origin 
and the entire shape of the domain. 

More precisely, starting with the work by Filippas, Tertikas and Tidblom |19j . and continuing 
with [5], |14j . |15j . it has been proved that, whenever is a smooth domain with the origin located 
on the boundary, there exists a positive constant r = r (fl,N) > such that 

N 2 

M (ons ro (o)) = T . (1.2) 
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where B ra (0) denotes the N-d ball of radius tq centered at origin. Next we recall the definition 
of the upper half space R^ which is given by the set M.^ := {x = (x\, . . . , Xjv-i, xn) = {x', %n) G 
R^ -1 x R | x N > 0}. In addition, if C R+ , N > 1, the new Hardy inequality 

r n 2 r u 2 

\Wu\ 2 dx> — r^dx V u e HMn). (1.3) 
Jn 4 J n \x\ 2 

holds true and the constant iV 2 /4 is optimal i.e. /^(fi) = N 2 /A. 

Otherwise, if CI is a smooth domain which, up to a rotation, is not supported in M/f, the 
constant N 2 /4 is optimal, up to lower order terms in L 2 (f2)-norm as shown later in inequality 
(|1.7p . In general [i(Cl) = N 2 /4 is not true for any smooth bounded domain SI containing the origin 
on the boundary (e.g. Q3]). 

Without losing the generality, since the operator A\ is invariant under rotations, next we 
consider 51 such that 

x- v = 0(\x\ 2 ), on T, (1.4) 

where v stands for the outward normal vector to F. Moreover, since optimal inequalities have 
been obtained regardless the shape of f2, throughout the paper we discuss two main situations of 
geometries motivated by the remarks above. 

CI. 17 is a smooth domain satisfying (|1.4[) and xn > holds for all x € f2 (i.e. O C R+). 
C2. SI is a smooth domain satisfying (|1.4[) such that xn changes sign in fi (H (f_ Mr?). 

Next we need to introduce the constant 

Rq = sup \x\. (1.5) 

The following optimal Hardy-Poincare inequalities are valid for each one of the cases above. 
If tt fulfills the case CI, then (e.g. [9]) it holds that 

{ N 2 ( ii 2 1 ( ii 2 

V«6M), / \Vu\ 2 dx> — / — dx + - / 5 dx, (1.6) 

° K ' Jn ' ~ ± Jn\A 2 Aj Q \x\ 2 log 2 (R n /\x\) 1 ' 

and N 2 /4 is the sharp constant. 

If SI satisfies the case C2 then (e.g. [14]) there exist two constants C2 = 02(d) G R and 
C 3 = C 3 (f2, N) > such that for any u e C£°(0) it holds 

C 2 / u 2 dx+ / \Vu\ 2 dx>— f -^-dx + C 3 [ dx. (1.7) 

Jn Ja -4 7 |x| 2 3 J n \x\ 2 \og 2 {Rn/\x\) 1 ' 

In view of these, let us now describe the content of the paper. 

In Section [5J we firstly introduce the functional framework induced by the above Hardy in- 
equalities. We refer to the Hilbert space H\ defined in Subsection 12. II Then we check the validity 
of the Pohozaev identity for the Schrodinger operator A\ in this functional setting as follows. The 
domain of A\ is defined by 

D(A\) := {u e H\ I A\u e L 2 (S1)}, (1.8) 

and it holds 

lJ^x^)(^yda = -J^x-Wu)A x udx-^^\\u\\ 2 Hx , VueD(A x ), (1.9) 
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where || ■ \\jj x denotes the norm associated to H\ and We refer to Theorems 12.11 12.21 for a com- 
plete statement of this result. For the sake of clarity, we will mainly discuss the case CI above. 
Nevertheless, similar results could be also extended to the case C2 in a weaker functional setting 
due to weaker Hardy inequalities (see Subsection 12.31) . 

Formally, identity (|1.9p can be obtained by direct integrations. However, this is not rigorously 
allowed because the lack of regularity of Ax at the origin, otherwise the potential l/|a;| 2 is bounded 
and the standard elliptic regularity applies. In addition, we need to justify the intcgrability of the 
boundary term in (jl.9p which is no more obvious since the singularity is located on the boundary 
and standard trace regularity does not applies. As we mentioned before, we give a rigorous 
justification of these facts in Theorems 12 . 1[ l2~2l 

Pohozaev type identities arise in many applications and mostly when studying non-linear equa- 
tions (see [13], [21], [TT[ and references therein). 

In Section 12.21 we apply Theorem 12.21 to characterize the existence of non-trivial solutions to 
a semi- linear singular elliptic PDE in star-shaped domains. We refer mainly to Theorem 12.31 

In Section [3] we present some applications of Theorem 12.21 in Controllability of conservative 
systems like wave and Schrodingcr equations, for which the multiplier method plays a crucial role. 

In the last few decades, most of the studies in Controllability Theory and its applications to 
evolution PDEs, have applied methods like Hilbert Uniqueness Method (HUM) introduced by J. L. 
Lions in 12 7j , Carleman estimates developed by Fursikov and Imanuvilov [18] , microlocal analysis 
due to Bardos, Lebeau and Rauch ([?], [3]), but also multiplier techniques with the pioneering 
papers by Komornik and Zuazua ([24], [25] . [37]). In particular, the controllability properties and 
stabilization of the heat like equation corresponding to A\ have been analyzed in |33j , [12) , [32j in 
the case of interior singularity using tools like multiplier techniques and Carleman estimates. 

Now, let us detail the problem we are interested in Section[3l For N > 1 we consider a bounded 
smooth domain fl C where T denotes its boundary. Moreover, we state by Tq a non-empty 
part of the set T that will be precise later. 

Next we consider the Wave-like process 

u tt -Au- A^ = 0, (t, x) G (0, T) x Q, 
u(t, x) = h(t, x), (t, x) g (0, T) x r , 

u(t,x) = o, (i,z)e(o,T)x(r\ro), (1.10) 

u(0,x) = uo(x), x G £7, 

u t (0, x) = ui(x), x G fi. 



To make the problem under consideration precise we say that the system (jl.lOp is exactly 
controllable from Tq, in time T, if for any initial data (uo,ui) G L 2 (fl) x H x and any target 
(uo,uT) G L 2 (fl) x H x , there exists a control h G L 2 ((0,T) x r ) such that the solution of (|1.10|) 
satisfies: 

(ut{T, x),u(T, x)) = (ui(x),uq(x)) for all x G fl. 

This issue was analyzed by Vancostenoble and Zuazua [34] under the assumption that the sin- 
gularity x = is located in the interior of f2. They proved well-posedness and exact controllability 
of the system (jl.lOp for any A < A* := (N — 2) 2 /4 from the boundary observability region Tq 
described by 

r := {x g r | x-v > o}. (i.ii) 

Roughly speaking, the authors showed in [34] that the parameter A* is critical when asking the 
well-posedness and control properties of (|1.10[) . and the results are very much related to the best 
constant in the Hardy inequality with interior singularity. 

In Section [3] we address the same controllability question in the case of boundary singularity. 
Our main result asserts that for the same geometrical setup ([l.lip . we can increase the range of 
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values A (from A* to X(N) := N 2 /A) for which the exact boundary controllability of system (|1.10l) 
holds. This is due to the new Hardy inequalities above. 

By now classical HUM, the Controllability of system (|1.10[) is equivalent to so-called Observ- 
ability Inequality for the adjoint system, 



v tt — Av - Xj^j 
v(t,x)=Q, 
v(0,x) = v (x), 
v t {0,x) = vi(x), 



0, (t, x) G (0, T) x O, 

(t,x) e (o,r) x r, 
x e o, 
x e O, 



(1.12) 



which formally states that for any A < X(N) and T > large enough there exists a constant 
Ct > such that 



C T (\\v 1 \\ 2 L2m + f [\Vv a (x)\ 2 - X 



v%(x) 



dx) < 



sfdv\ 2 
(x ■ v) \ — dcrdt 
\OvJ 



(1.13) 



holds true for v solution of ()3.8|) . The main tool to prove (|1.13|) relies on the multiplier method 
and compactness- uniqueness argument |27|. In view of that, Pohozaev identity provides a direct 
tool to show that the solution of system (|3.8p satisfies the multiplier identity which formally is 
given by 



N 



1 T 

—v) dx, (1.14) 

o 



1 f T f fdv\ 2 T f 

2 Jo J V ^ X ' uS> \dv) d<jdt = 2"d 1 ' 1 l^ 2 (^) + H w °Hk) + / Ut ^ ' Vu + 

producing a "Hidden regularity" efect for the normal derivative. We refer to Theorem 13.21 for a 
rigorous statement. As a consequence, the solution of system (|3.8p verifies the reverse Observability 
inequality. Then identity (|1.14j) together with the sharp- Hardy inequality stated in Theorem 1 1.1 
lead to Observability inequality (|1.13[) , fact emphasized in Theorem 13.31 



Theorem 1.1. Assume SI satisfies one of the cases C1-C2 . Then, there exists a constant C 
C(f2) € K such that 



\x\ 2 \Vv\ 2 dx < Rl 



N 2 

\Vv\ 2 dx- — 



-dx 



C / v 2 dx Vv e C^{n). (1.15) 
Jn 



The proof of Theorem 11.11 is given in the Appendix. 

Remark 1.1. The result of Theorem ] 1 . 11 and precisely the constant Rq which appears in inequality 
()1.15p . helps to obtain the control time T > Tq = 2Rq in (|1.13|) . which is sharp from the Geometric 
Control Condition considerations, see J^j. 

Although Theorem 11.11 is sharp for our applications to controllability, it is worth mentioning 
that we are able to obtain a more general result as follows. 

Theorem 1.2. Assume SI satisfies one of the cases C1-C2. Let be e > 0. Then, there exists a 
constant C e = C(f2,£) € R such that 



\x\ e \Vv\ 2 dx < 



N 2 

\Vv\ 2 dx- — 



In W^- 




+ c £ [ 




Jn 



(1.16) 



The proof of Thcorcm ll.2l is omitted since it applies the same steps in the proof of Theorem ll.il 
Finally in Section 13.21 we will consider the Schrodingcr-like process 



iut - Au - Xj^r = 0, (t,x)e(0,T)xn, 

u(t, x) = h(t, x), (t, x) e (o, t) x r , 

u(t,x) = o, {t,x) g (o,t) x (r\r ), 

u(0, x) = uq(x), ig!1, 



(1.17) 
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where the singularity is located on the boundary, and we briefly discuss the well-poscdncss and 
controllability properties. In Section U we treat with some open related problems. 

The main results of this paper have been announced in a short presentation in jlOj . 



2 Pohozaev identity for A\ 

In this Section we rigorously justify the Pohozaev-type identity associated to A\. We will discuss 
in a detail manner the case CI. The details of the case C2 are let to the reader. In the latter case 
we only state the corresponding functional framework, see Subsection 12.31 



2.1 The case CI 

Firstly, we introduce the functional framework which is used throughout the paper and we discuss 
some of its properties. 

Assume D, C R N , N > 1 is a smooth domain which satisfies the case CI and fix A < X(N). 
Thanks to inequality (|1.6j) . we consider the Hardy functional 

1 2 



B x [u] = / \Vu\'-\— dx, (2.1) 
Jq 1 PI J 

which is positive and finite for all u £ Cq°(£1). For any A < X(N), B\[u] induces a Hilbert space 
H\, defined by the completion of C§°(H,) functions in the norm 

\\u\\%^=B x [u], ueC^(n). (2.2) 

We point out that the space H\ was firstly introduced by Vazquez and Zuazua [36] in the case of 
interior singularity. As emphasize above, it may be extended to the case of boundary singularity. 
In the subcritical case A < X(N), it holds that Hq(£1) = H\, according to the estimates 

(l-A/A(JV))|HU ol(n) <|H|| A <|H|^ (a) , V ueC^(n), 

which ensure the equivalence of the norms. 

The critical space H X (n) turns to be slightly larger than Hq(Q). Remark that B X (n)[ u ] is finite 
for any u £ Hq(Q,), but it makes sense as an improper integral approaching the singular pole x = 
(see the right hand side of (|2.3p ) for more general distributions. As happens in the case of interior 
singularity (see [35]), in general the meaning of ||u||# A(JV) does not coincide with the improper 
integral of Bx(n)[u\- Following |35| . we can construct a counterexample even in the case when the 
singularity is located on the border. Indeed, we fix O := {x e : \x'\ 2 + (xn — l) 2 < 1} and 
we consider the distribution e\ — xn\x\~ n ^ 2 J(zo,i\x\) where zo,i is the first positive zero of the 
Bessel function Jo- We observe that B X ( N }[u] is finite as an improper integral approaching the 
origin. On the other hand, computing we remark that 

||ei-^||fl AW >C >0 1 V0 G C °°(ft), 

for some positive universal constant Cq > 0. This is in contradiction with the definition of 
H\(N) which allows the existence of a sequence 4> n <S C^°(fl) converging to e\ in H\rjf\-xionj\ 
! Thcrcrcforc, the assumption of considering the definition of the Hx^ynovui as an improper 
integral of B X (n) is false. In other words, there are distributions u £ i?A(JV) f° r which 

r r v 2 i 

\\u\\ 2 Hx{n) ^ lim / |V U | 2 - X(N)— dx. (2.3) 



x >e 



X\ 2 



Next we propose an equivalent norm on H\, X < X(N), which overcomes the anomalous behavior 
in p.3| and describes perfectly the meaning of the H\-norm. 
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2.1.1 The meaning of iJ\-norm 

For reasonable considerations that will be precise in (|2.5[) . we introduce the functional 



Bx,M 



N x 
IS 



a; n 



dx + (X(N) - A) 



rdx. 



(2.4) 



which is positive and finite for any u G Cq°(Q) and A < X(N). Here, we have denoted by ejv the 
N— th canonical vector of WL N . Next, we observe that, for any A < X(N), 



B\[u] = Bx,i[u], V U €C °°(fi). 



(2.5) 



Besides, notice that both £?a,i[u] and B\[u] are norms in H\ and they coincide on C^°(£l). Due 
to definition (|2.2|) of H\, we conclude that the H\ could be define as the closure of C§°(tt) in the 
norm induced by Ba,i[u]. Therefore, the Hx-novia is characterized by the identification 



\u\\ H = lim Bl ^u], Vu G H\, 



(2.6) 



where A < A (TV) and 



BUI 



x\>e 



Vu- 



N x 



e N 



'dx + (X(N) - A) / 

J \x\ 



2 \x\ 2 xn 

Next in the paper we will understand the meaning of the norm 



jdx, Vm G H\ 



\h x as in formula (12.61) . 



2.1.2 Main results 



First of all, we note that standard elliptic estimates do not apply for A\ to obtain enough regularity 
for the normal derivative since the singularity x = is located on the boundary. However, the 
following trace regularity result stated in Theorem 12.11 holds true. In what follows, D(A\) stands 
for the domain of A\ defined in (|1.8p . 

Next, we claim the main results of Section [21 

Theorem 2.1 (Trace regularity). Assume O C M , N > 1, is a bounded smooth domain satisfying 
the case CI. Let us consider A < A(A^) and u G D{A\). Then 

(^VgL^F), (2.7) 

and moreover, there exists a positive constant C = C(Q) > such that 

J r (^) 2 \^\ 2 d<r<C(\\u\\ 2 Hx + \\A x u\\l 2m ), V u G D(A\). (2.8) 



Moreover, we obtain the following 

Theorem 2.2 (Pohozaev identity). Assume f2 C R^, N > 1, is a smooth bounded domain 
satisfying the case CI and let A < X(N). If u G D(A\) we claim that 



—j da = - I A x u{x-Vu)dx —Hullf^, (2.9) 



The proofs of Theorems 12.11 12~21 are quite technical, so we need to apply some preliminary lem- 
mas which are stated below. The proofs of Lemmas l2.1U2.3l are postponed at the end of Subsection 
12.11 while Lemma 12.21 is a consequence of an abstract approximation lemma in a forthcoming work 

HI- 
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Lemma 2.1. Supppose u £ D(A\) and denote f = A\u £ L 2 (Q). Let us also consider 6 e £ 
Cfi°(Q), e > 0, a family of cut-off functions such that 



! (x) = e e (\x\) 



0, |x|<e 

1, \x\ > 2e. 



(2.10) 



Assume q £ (C 2 (tt)) N is a vector field such that q= v on V , where v denotes the outward normal 
to the boundary F (such an election of q can be always done in smooth domains, see \2T$ , Lemma 
3.1, page 29). Then we have the identity 

I [ (^-) 2 \x\ 2 e e da = - f f{\x\ 2 q-VuB e )dx + 2 [ (x ■ Vu)(q ■ Vu)6 e dx 

V] / u Xi u X] \x\ 2 q 3 x .0 £ dx - / \Vu\ 2 (x ■ q)8 e dx 
• • , Jn Jn 



i,j=l 
1 



divq\: 



n 



IVmI 2 - A- 



6 E dx 



[ \x\ 2 q-V0 £ 




dx 


In 







[ \x\ 2 {q-S7u)(\7u-\79 £ )dz 
Jn 



(2.11) 



Lemma 2.2. Assume f £ L 2 (ft) and ft C R N verifying the case CI. Let e > be small enough. 
We consider the following approximation problem 



A\(N)-eU E = f, X £ fl 

u e = 0, x £ Oil. 



(2.12) 



Ther 



u e — > u strongly in H\(n)j as e — > 0. 
where u verifies the limit problem 



-Au- A(7V)— = /, inV'(fl). 



Moreover, 



e I y-fodx — > 0, as e — >• 0. 
In \x\ 



(2.13) 



Lemma 2.3. Assume £1 fulfills the case CI and let A < A(iV). Let f £ C°°(fi). Moreover, we 
assume that u\ solves the problem 



A\u\ = f, x £ fl, 
u\ £ H\. 



(2.14) 



Then u\ satisfies the following upper bounds: there exists r$ < Rq small enough and there exist 
constants C\,Ci > 0, independent of A, such that 



\u x (x)\ < C 1 x N \x\- N/2+ ^ 1 ^ 



|Vu A (a?)| < C 2 \x\- N ' 2+ y/ x W- x 
where tt ro :=fin B ro (0). 



log R 



log R 



1/2 



a.e. x € Q r 



1/2 



, a.e. x £ fi ro , 



(2.15) 
(2.16) 



Notation: In order to facilitate the computations, in the sequel, we will write " > " and " < 
instead of " > C" respectively " < C" when we refer to universal constants C. 
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2.1.3 Proofs of Theorems [HQ I2T21 



Proof of Theorem \2.1[ Following the proof of Theorem ll.il we are able to show that, 

\ 2 dx<\\u\\ 2 Hx , VueH x . 

Jn 



(2.17) 



From the above estimate and Cauchy-Schwartz inequality applied to identity (|2.1ip in Lemma |2. II 
we reach to 



/^v^ da < 



| 2(n) , V u G D(A\), V £>0. 



(2.18) 



□ 



r r \dvJ 

Thanks to Fatou Lemma we finish the proof of Theorem 12.11 

Proof of Theorem \2.2\ We split the proof in two main steps. 
Step 1. The subcritical case 



Note that H\ = Hq(0). Let u G D{A\) and put / := A\u G L 2 (fl). By standard elliptic 
estimates we note that u G H 2 (Jl \ B £ (0)), for any e > small enough. Moreover, the normal 
derivative du/dv G Lf oc (dil \ {0}). We multiply A\u by x ■ \7u8 £ , where 8 £ , e > 0, was defined in 
()2.10p . After integration we get 



N - 2 

f(x ■ Vu)8 e dx — 

2 



iVul - A- 



6 F dx 



ir 



x 



x-V9 E dx+ / (x ■ Vu)(Vu ■ V6 e )dx. (2.19) 



Combining the Dominated Convergence Theorem (DCT) with Theorem 12. 11 the left hand side of 
(|2.19|) converges i.e. 



da, as e — > 0. 



In the right hand side, we can directly pass to the limit term by term to obtain the identity (|2.9p 
as follows. Firstly, since x ■ Vu G L 2 (f2) we have that 



\f{x-Vu)6 e \ < \f\\x-Vu\ G L 1 ^), 
6 e —> 1, a.c. ase —> 0, 



and by DCT we obtain 



/ f(x ■ Vu)6 E dx -> / /(x • Vu)dx, as £ -> 0. 
in Jo 



'o Jn 
Besides, from Hardy inequality and DCT we have 



Vu\ 2 6 e dx - 


■> / \Vu\ 2 dx, 


Lw s - di - 


■/ 




Jn 




Jn 



:dx, as 



0. 



Using the fact that |V0 e | = 0(l/e) it follows that 

|Vu| 2 x • V9 F dx 



'■ / \Vu\ 2 dx^0, 

B 2e \B E 
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f u 2 
Jn M 2 



= / TZi2 dx -+ °> 

'B 2e \B E Fl 



/ (x-Vu)(Vu-V6 B )dx < [ \\7u\ 2 dx -> 0, 



'n JB 2e \B E 
as e — > 0. With these we conclude the solvability of Theorem 12.21 in the subcritical case A < \{N). 

Step 2. The critical case A = X(N) 

As before, let us consider u <G D(A\r N \) and / := A X ( N ^u e L 2 (il). Our purpose is to show 
the validity of Theorem 12.21 for such u. 

We proceed by approximations with subcritical values. More precisely, for e > small enough 
we consider the problem 

f Ax{N) „lZr ^ X G °' (2-20) 

Applying Lemma 12.21 we obtain 

f u 2 

u e —t win ff^(jv)> e / rrj^ as e — > 0, (2-21) 

where u solves the limit problem. According to the Pohozaev identity applied to u e we reach to 

If /du \ 2 f N — 2 / f u 2 \ 

2 j^-<-di) da = -jj( X -Vu E )d X -—(\ M \l xlN)+ ej^ dx ). (2.22) 

Due to Theorem ll.il the fact that u e — > u in Ha(JV) implies 

x ■ Vu E x ■ Vu in L 2 (Q), as e — >• 0. 
Therefore, the right hand side in (|2.22[) converges to 

AT- 2 



-/ /(x-Vu)dx- ^' : ||«l|fl iW :=g ("). 



and therefore 



f / <9i/ \ 2 

there exists lim - / (x ■ v) I — — - ] dcr = H(u). 

e^o 2 Jr w 

On the other hand, by standard elliptic regularity one can show that 

du e du . 2 <9m £ du ^ 

_ _> m Lf (r \ {0} and — -> — a.e. on T. 
at/ aV oV cw 

In the sequel, we discuss two different situations for the geometry of f2. 

Case 1. Assume fi is flat in a neighborhood of zero (i.e. x ■ v = 0). Then it easily to note that 

f i du \ 2 f / du \ ^ 

iToX^UfJ da= j T {x - v \-d-J da - 

In consequence, u satisfies the Pohozaev identity, by passing to the limit in (|2.22p . 

Case 2. We assume fl is not necessary flat at origin. Wc distinguish two cases when discussing 
the smoothness of /. 
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The case f £ C°°(fi). 

Next we apply Lemma |2~31 for u e the solution of problem (|2.20[) . and we obtain 



du e \ 2 



, dt. B 

< ( ) lasj- < <?, a.e. on T, 



where g = |x| 2 w log £ L 1 ^). Applying DCT we conclude 



da. 



The case f £ L 2 {fl). 



We consider {fk}k>i £ C°°(0) such that fk—>fin L 2 (Q), as k — >• oo. 

Let us call the solution of -A;(jv)Wfc = /fc> for all > 1. From the previous case, Uk satisfies 



(x ■ i/) 



\ dv ) 



da 



f k (x ■ Vu k )dx 



N -2, 



\ u k\\H x - 



(2.23) 



We know that fk is a Cauchy sequence in L 2 (f2), and due to 

IK - ui\\h x (N) S Wfk - fi\\mn) -> 0, as fc,Z -> oo, 

we deduce that {ufc}fc>i is Cauchy in Hx( N y Hence u k —t u in H X (n) ancl 

.t • Vitfc — > x • Vu in L 2 (ri). 

As a consequence we can pass to the limit in the right hand side of (|2.23|) . In order to finish the 
proof, next we also show we can also pass to the limit in the left hand side. Indeed, in view of 
Theorem 12. II we have 

I { d(Uk d ~ Ul) ) 2 \ x \ 2d ° S H Ufe - + HA - Mi>w- 

Therefore g k := ^-\x\ is a Cauchy sequence in £ 2 (r) and g k — > g '■= f-jjM hi L 2 (T), as fe goes to 
infinity. This suffices to say that 



lim f ( x -u)(^f) 



da 



(x-v) 



du\ 2 



da. 



Therefore we conclude the proof of Theorem 12.2 



□ 



2.1.4 Proofs of useful lemmas 

Proof of Lemma \2.1\ By standard elliptic estimates, we remark that u £ H 2 oc (il \ {0}). Thanks 
to that, after multiplying / by \x\q ■ Vu9 e we are allowed to integrate by parts on f2. Firstly, we 
obtain 

/ Au{\x\ 2 q- Vu0 £ )dx = [ ^{\x\ 2 q-VuB e )da - [ Vu ■ V(\x\ 2 q- Vu9 £ )dx. 

Let us now compute the boundary term above. Since u vanishes on T it follows that 

3u 

Vu = —v, on T, (2.24) 
ov 
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and moreover, q — v on T. Thanks to these we obtain 



Therefore, 



/ r g(|x|V-v^ = / r (|5) 2 H^. 

J Au(\x\ 2 q ■ Vu6 e )dx = J (^j 2 \x\ 2 9 £ da - \7u ■\7{\x\ 2 q-Vu)9 £ 

x\ 2 (q- Vu)(Vu-V9 £ )dx. 



in 

Let us compute the second term in the integration above. Doing various iterations we obtain 

/ Vit • V(|.T| 2 (f • Wu)9 £ = 2 / (x ■ Vit)(g- \Ju)9 £ dx + V / u Xi u Xj \x\ 2 q{.9 £ dx 
Jn Jn i j =1 Jn 

N 

+ 2E JJx\ 2 q^ul) X] 9 £ da (2.25) 



For the last term in the integration above we get 

N 



l£ / \x\ 2 qi{u 2 x% ) x ft £ do=\\ {^\ x \H £ da-l \\7u\ 2 (x-q)9 £ dx 

\ [ divq]x\ 2 \\7u\ 2 6 £ dx- \ [ \x\ 2 \\7u\ 2 q- \79 £ dx. (2.26) 
2 Jn 2 J n 



2 

According to (f2~25]l and (|2~26| we obtain 



f Au(\x\ 2 q- Vu9 £ )dx = i j (^pj 2 \ x \ 2 9 £ d(j -2 j (x ■ Vu)(q- Vu)9 £ dx 

- y~] I u Xt u X] \x\q Xz 9 £ dx + / |Vii| 2 (a; • q)9 £ dx 
i,j=i ^ n ^ Q 

+ - [ divq]x\ 2 \Vu\ 2 9 £ dx + )■ [ \x\ 2 \ Vu\ 2 q ■ \79 £ dx 
2 Jn 2 7 n 



,x| 2 (g- V«)(Vu- V9 £ )dx. (2.27) 

n 



On the other hand, it follows that 



/ -, — ^r\x\ 2 q ■ \7u9rdx = / divqu 2 9 £ dx / q-\79^u 2 dx. 

Jn M 2 2j n 2j n q 



(2.28) 



From (f2T27|) and (|2~28|) we finally obtain the identity of Lemma [2Tj □ 

1/2 



kl 



Proo/ of Lemma[KM For any A < A(AT) we fix A = a; A r|a;|- Ar / 2+ \ /A ( A ')- A log ^ 
consider the problem 

' A X U X = 1/1, xeil, 
. I/a g Ha- 

The proof follows several steps. 



Let us also 
(2.29) 



Step 1. Firstly let us check the validity of the Maximum Principle: 

\u\(x)\ < Ux(x) a.e. infi. (2.30) 
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Indeed, from the equations satisfied by U\, u\ we obtain 

- A(U X ± u\) - A {U ) ±Ux) = |/| ± / > 0, V ie l!. (2.31) 
\x\ 

Multiplying (|2.3ip by the negative part (U\ ± u\)~ we get the reverse Hardy inequality 

|V([/ A ±^)-| 2 -A [([/A f " a) ]2 l(fc<0. (2.32) 

\x\ J 

From the non-attainability of the Hardy constant we necessary must have (U\ ± u\)~ = in f2. 
Therefore, U\ ± u\ > in Vt, fact which concludes (|2.30l) . 

Step 2. Next, we remark that there exists a positive constant C > 0, independent of A such that 

-A0 A -A^>Ci, Vxen. 
\x\ 

Therefore, for C > ||/||z,°°/Ci we get 



-A(C0 A -c/ A )-A (c y^ >0, Vxen, 
C(/> x -U x >0, xeT. 



(2.33) 



Therefore, applying the Maximum Principle we obtain 

U x < C<f>x, Viefi, A < X(N), (2.34) 

and the proof (|2.15p is finished. 

Step 3. For the estimate (|2 . 16|) we use a remark by Brezis-Marcus-Shafrir [7] as follows. 

Fix x € Q ro /2 an d put r = \x\/2. We define then ux{y) = ux(x + ry) where y € Bi(0). By 
direct computations we obtain 

Auxiv) = r 2 Aux(x + ry )=r 2 (-f- A^%±^ ) 

V \x + ry\ z I 

= -r 2 /-A A| l f ux{y). (2.35) 
i\x + ry\ z 

On the other hand, we remark that 



4 

9 — \x + ry\ 



I < ,„ ', l — 2 < 4, V yeB^O). 



By elliptic estimates it is easy to see that u A G C 1 (i?i(0)). Applying the interpolation inequality 
(see Evans [13]), we get that 

|Vw A (0)| < HGaIU^cb^o)) + I|Am a || L o=( Bi (o)) 

<||%IU~(B l( o)) + ll/IU~ (n) (2.36) 

Writing Vw A in terms of Vu A we obtain 

|Vu A (z)| < -i-(||fi A || ioo(fll(0)) + ||/|| L oc) (2.37) 
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In addition, from (|2.34[) we have 

\\ux\\l^^ Bi (o)) = \W\{x + ry)\\ L ^ {Bl{0}) 



< 



sup 



{(x N + ry N )\x + ry\- N /i+Vm-* 



yefii(o) 
< x N \x\- N / 2+ V><^ 



Ioe 



1 



\x + ry\ 



l0g H 



1/2 



+ | x |-(^-2)/2+-v/A(iV)-A 



1/2 > 



l0g H 



1/2 



< 



■r 



-(N-2)/2+y/X(N)-X 



lOE 



1 



1/2 



(2.38) 



which is verified for all x G f2 ro , y € -Bi(O). From (|2.37l) and f|2 .38[) we obtain the estimate (|2.16l) 
which yield the proof of Lemma 12.31 □ 



2.2 Applications to semi-linear equations 

Pohozaev-type identities apply mostly to show non-existence results for elliptic problems. In what 
follow we emphasize a direct application to a non-linear elliptic equation with boundary singular 
potential. To fix the ideas, let us assume A < X(N) and consider f2 C K , N > 1, a domain 
satisfying the case CI. Next 

iV + 2 
ct* := 

N - 2 

stands for the critical Sobolev exponent. 
Next we claim 

Theorem 2.3. Let us consider the problem 



-Au - 
u = 0, 



xeT. 



(2.39) 



1. Assume A < X(N). If 1 < a < a* the problem (|2.39|) has non trivial solutions in H\. Moreover, 
tfl<a< ^ the Problem (|2TB1?|) has non trivial solutions in D{A\). 

2. (non-existence) . Assume A < A(jV) and let VL be a smooth star-shaped domain (i.e. x ■ v > 0, 
for all x <G rj. If a > a* £/ie problem does not have non trivial solutions in D(A\). 

Proof of Theorem 



Proof o/[7J The existence of non trivial solutions for (|2.39p reduces to study the minimization 
problem 

IN Ik 



inf 

ueHx,«/o \\u 



\a+l 

lj>+!(fi) 



Without losing the generality, we may consider the normalization 



inf J(u), 



(2.40) 



where J : H\ — > M, J(u) = and we address the question of attainability of / in (|2.40[) . 

We note that J is continuous, convex, coercive in H\. Let {u n } n be a minimizing sequence of J, 



J{u n )\I, \\u n \\ L *+ 



By the coercivity of J we have 



|«n||if A < C, Vn, 



1. 
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Moreover, the embedding H\ <— » L a+1 (Q) is compact for any a < a+ (it can be deduced combining 
Theorem 11.21 and Sobolev inequality). Therefore, 

( u n ^u weakly in H\, . . 

\ U„ — > u strongly in L Q+1 (0). ^ ' ' 

Therefore, ||it||z,<»+i(fi) = 1- From the i.s.c. of the norm we have 

I < J(u) < liminf J(u n ) = I, 

n— >-oo 

and therefore I = J(u) is attained by u, which, up to a constant, is a non-trivial solution of (|2.39l) 
in H\. 

If a < N/(N — 2) let us show that u G D(A\). Indeed, due to the compact embedding 
H x ^ L q (tt), q < 2N/{N - 2), we have that \u\ a ~ 1 u G L 2 (ft). In consequence, u G D(A X ). □ 

Proof of\^ For the proof of the non-existence part we apply the Pohozaev identity in Theorem 
In view of that we use the following lemma whose proof is postponed at the end of the section. 



Lemma 2.4. Assume X < X(N) and 1 < a < oo. Then, any solution u G D(Ax) of (|2.39[) 
satisfies the identity 

1 f , ,/<9u\ 2 , ( N N-2 
2 

The case a > a* . 



Note that x ■ v > for all a; G T. Assuming u ^ 0, from Lemma T2 .41 we obtain (A — 2)/2 < 
N/(a + 1) which is equivalent to a < a*. This is in contradiction with the hypothesis on a. 
Therefore u = in O. 

The case a = a* . 



From Lemma |2.4| due to the criticality of a*, u must satisfy 

/ (,.,)(^) 2 ^o. 

Van K ov) 

We fix n = {x G | |a;'| 2 + (a;jv - l) 2 < 1} which is star-shaped. Therefore, 

du 

— — = 0, a.e. on T. 

ov 

Therefore, the problem in consideration is reduced to the overdetermined system 



x G T, (2.43) 

x g r. 

Let us consider a compact subset fcT such that x ■ v > and G" T'. Next, we extend ft 
with a bounded set f2i such that O x n Q = 0, <9£li n <90 = T', := O U 

For £ > small enough we denote the sets fi e := O \ {a; G fi| \x\ < e}, tl £ := ti \ {x G il \ \x\ < e}. 
Consider also the trivial prolongation of u to Cl 

u, xen, (JU4) 
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The fact that u € D{A\) combined with the over-determined condition in (|2.43[) . imply that 
u e H 2 (il E ). Let us also show that u € H 2 (Q £ ). 

Indeed, thanks to (|2.43[) on Tq we get that 

L JT L J^ dx = - I- 94>dx, V0GC7 O °°(Q S ), (2.45) 
Jn e ax i oxj Jq e 

where g € L 2 (fl £ ) is given by 



d a r (= O 
0, xGOi. 



(2.46) 



In particular we obtain that 



and u verifies 



Au= \o sefix. (2 - 47) 

A 4 

Aw - — prCt = u N - 2 u a.e. in O e (2.48) 



and u = in Q\. In other words we can write (|2.48|) as 

—Am = V(x)u, x G Q £ 



where V(x) = t£s + \u\ N ~ 2 . Note that V € i"(fi e ) for some w > iV/2 and u vanishes in fix- 

With these we are in the hypothesis of the strong unique continuation result by Jerison and 
Kenig [23j . Therefore, u = in f2 £ and in particular u = in Q £ , for any £ > 0. Hence, we 
conclude that u = in f2. The proof of Theorem 12.31 is finished. □ 



Proof of Lemma \2.4\ Since u € D(A\) we can apply the Pohozaev identity and we get 

\\ ^■ v ^-f) da = /-krV^-V^-^IMI^, (2.49) 



Next we show that 

N 



u\ a u(x-Vu)dx= / \u\ a+1 dx. (2.50) 

n ! + a Jsj 

We proceed by approximation arguments. For e > small enough wc consider I e := J n |u| Q u(x • 
Wu)8 e dx, where 9 e is a cut-off function supported in il\B e (0). Due to the fact that u € H 2 (fl\{0}) 
we can integrate by parts as follows. 

h = -\ I M p-1 x • V(u 2 )Q e dx = \ { u 2 &v]\u\ a - 1 xO e ]dx 
2 Jn 2 J n 

= - [ ^[N^-He + x-Oe^- 1 + {a-l)x- Vu\u\ a - 3 u]dx 
2 Jn 



2 

Therefore wc obtain 



r u\ a+1 e e dx + I [ \u\ a+1 x-Ve e dx-^—^I e . (2.51) 



I e = -^— [ \u\ a+1 9 E dx+ — !— [ \u\ a+1 x-Ve e dx. (2.52) 
a + 1 Jn a + 1 Jn 

From the equation itself it is easy to see that |m| q+1 € L 1 (il) provided u E D(A\). Therefore, by 
the DCT we can pass to the limit as e — >• in (|2.52p to obtain the identity (|2.50|) . On the other 
hand, multiplying (|2.39p by u and integrating we obtain 



IN IV 

Combining this with (|2~50| and (|2~49j) we conclude (|2~42|) . □ 
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2.3 Brief presentation of the case C2 

Inequalities (|1.6[) . (|1.7|) can be stated in a simplified form as follows. 

Assume £1 C M. N is a smooth bounded domain containing the origin on the boundary. For any 
I < N 2 /4 and any < 7 < 2 there exists a constant 61(7, O) > such that 



VuG.E#(fi), [ ^r-dx + l [ ^dx< [ \Vu\ 2 +Ci(7,0) / u 2 d:r. (2. 
A2 Fr 7n fI Vn 



53) 



2.3.1 Functional framework via Hardy inequality 

Let us now define the set 

r fa \\Vu\ 2 -l(N)u 2 /\x\ 2 + Cu 2 ]dx , , 
C:=\C>0 s. t. inf iOJJ ! v 7 1 1 J — >1 . 2.54 

Of course, C is non empty due to inequality (|2.53[) . Next we define 

C = inf C. (2.55) 

cec 

Then, for any A < X(N) = N 2 /4 we introduce the Hardy functional 

B x [u}:= [ \Vu\ 2 dx-X [ -^dx + C a [ u 2 dx, (2.56) 
Jn Jn \ x \ io 

which is positive for any u € Hq{VL) due to inequality (|2 . 53[) and the election of Co- Then we 
define the corresponding Hilbert space H\ as the closure of Cq°(Q.) in the norm induced by B\[u]. 
Observe that for any A < X(N) the identification H\ = Hq($1) holds true. Indeed, if A < X(N), 
we have 

B x[u] >(l-^)JjVu\ 2 dx-^J n U 2 dx. (2.57) 

On the other hand, from the definition of Cq we obtain that there exists a constant C\ = C\ (7) > 
such that 

B\[u] > Ci / u 2 dx. (2.58) 
Jn 

Multiplying ([235)) by C X/{CiX(N)) and summing to (j2"37) we get that 



B\[u] >C X I \Vu\ 2 dx 
Jn 



for some positive constant C M that converges to zero as A tends to X(N). 

Besides, in the critical case A = X(N), H\ is slightly larger than Hq(£1). However, using cut-off 
arguments near the singularity (see e.g. [36 ) we can show that 

B\[u]x(n) > C e ||u||fl-i(n\B e (o))) Vuei?o(f2) ( 2 - 59 ) 
where C e is a constant going to zero as e tends to zero. 

Let us define de operator A\ := —A — A/|a;| 2 + CqI and define its domain as 

D{A\) := {u e H\ I A\u e L 2 (fl)}. (2.60) 
The norm of the operator A\ is given by 

IMb(A A ) = ||u|U*(n) + II^aw||l2( 0) . (2.61) 
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2.3.2 The meaning of the ffA-norm 

First of all wc remark that 









_ v$ 


2 


/ |Vu| 2 cb-f 


f u 2 dx = 


/ 


Vti u 




10, 


Jn $ 


Jn 





dx, Vm£ C °°(fi), 

and any distribution satisfying $, 1/$ G C x (f2 \ {0}) and $ > in fi. 

Let us also consider <j>(x) — (f>(\x\) G C°°(f2) to be a cut-off function such that 

1, |x| < r /2, a; G f2 
0, i > r , x G 0, 



(2.62) 



(2.63) 



where r > is aimed to be small. 

Case 1. Assume the points on the boundary Toffl satisfy x n > in a neighborhood of the origin. 
We take $i = xn\x\~ n ^ 2 which satisfies the equation 



iV 2 $i 



0, a. e. in Q ro , 



where O ro := O n B ro (0) for some ro > small enough. From (|2.62p and (|2.64[) we obtain 



\Vv\ 2 dx 



N 7 



rdx 



(2.64) 



(2.65) 



By a standard cut-off argument, due to (|2.65[) we remark that, there exist some weights pi,p2 G 
C°°(fi) depending on ro, supported far from origin such that 



B x [u] 



+ (A(iV) - A) 

Then the meaning of || • ||^f A -norm is characterized by 



— 1 (u(f>) dx + I px\Vu\ 2 dx 



dx+ I p 2 u 2 dx, VueC °°(ll). 

n Fl 



n 



lim 

e->0 



a;efi,|a;|>e 



V(u<£) - -^(u<f>) dx + 



+ (X(N) - A) / ^-dx + / p 2 u 2 cb, Vm G Ha, VA < A(JV). 
Jo F 7n 



(2.67) 



Case 2. Assume the points on T satisfy x^ < in a neighborhood of the origin 

In this case we consider d = (x, T) = d(x) the function denoting the distance from a point 
x E ft to T. Wc remark that close enough to origin the distribution 



$ 2 = d(x)e 



log' 



1 



1/2 



satisfies 



-A$9 



N 



4 b 



$ 2 = P > 0, Vx G fi r 



where ro > is small enough. Due to this, there exist the weights pi,p2 G C°°(f2) depending on 
tq and supported away from origin, such that the meaning of _fT\-norm is given by 



\u\\% = lim 



en,|a;|>e 

(X(N)-X) 



V$ 2 
<J>„ 



da; 



P 
n *2 



|w0| 2 Gb 



n Fl 



+ / pi|Vw| 2 da;+ / p 2 w 2 ^, Vueffj, VA < A(iV). (2. 
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Case 3. Assume that xjv changes sign on T at the origin. 
This case can be analyzed through Case 2 above. 



Then, the Pohozaev identity and related results presented in case CI might be extended to 
case C2 by means of the weaker functional settings introduced above. 



3 Applications to Controllability 

In this section wc study the controllability of the wave and Schrodingcr equations with singularity 
localized on the boundary of a smooth domain. Our motivation came through the results shown 
in |34j in the context of interior singularity. 

For the sake of clarity, we will discuss in a detailed manner the case CI. 



3.1 The wave equation. Case CI 

In the sequel, we are focused to the controllability of the wave-like system 



(Wx) 



u tt - Au 
u(t, x) = h(t, x), 
u(t, x) = 0, 
u(0,x) = u (x), 
k u t (0,x) = U\(x) 



(t,x) e Qt, 

(t,x) G (0,T)xr , 

(t,x)e(o,T)x(r\r ), 
x g ft, 
x e ft. 



(3.1) 



where Qt = (0, T) x ft, T denotes the boundary of ft and Fo is the boundary control region defined 
in (|l.llj) . where the control h € L 2 ((0,T) x Fo) is acting. We also assume A < A(iV). In view of 
the time-reversibility of the equation it is enough to consider the case where the target 



(m ,mi) 

It is the so-called null controllability problem. 



(0,0). 



3.1.1 Well-posedness 

Let us briefly discuss the well-posedness of system (|3 . 1 1) in the corresponding functional setting. 

Instead of (|1.10[) we firstly consider the more general system with non-homogeneous boundary 
conditions: 

u tt - Au- X-^ = 0, (t,x)€Q T , 
u(t,x) = g(t,x), (t,x)eEr, 
u(0,x) = Uo(x), x G ft, 

Ut(0,x) — u\(x), x € ft. 

where = (0, T) x T. The solution of p.2p is defined by the transposition method (J.L. Lions 
[23): 

Definition 3.1. Assume A < X(N). For (u ,ui) G L 2 (ft) x H' x and g G L 2 ((0,T) x T), we say 
that u is a weak solution for (3. ty ) if 

[ ufdx = - < u o ,z'{0) >p((i),pin) + <U!,z(0) > H > H - [ [ g^- V / G V(fl), 
o Jq x ' Jo Jr av 

(3.3) 
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where < -, • > represents the dual product between H\ and its dual H x , and z is the solution of 
the non-homogeneous adjoint-backward problem 

z tt -Az-\j§p = f, (t,x)eQ T , 

z(t,x) = 0, (t,x)eT, T , (3-4) 

z(T,x) = z'(T,x) = 0, xeil. 



Formally, (J3T3J) is obtained by multiplying the system p.4[) with u and integrate on Qt- Using 
the Hardy inequalities above and the application of standard methods for evolution equations we 
lead to the following existence result. 

Theorem 3.1 (well-posedness). Assume that ft satisfies CI. Let T > be given and assume 
A < X(N). For every (uq,ui) E L 2 (fi) x H x and any h G L 2 ((0,T) x To) there exists a unique 
weak solution of U.10\) such that 

u G C([0, T];L 2 (rt)) n C x ([0, T];H X ). (3.5) 
Moreover, the solution of hl.10]) satisfies 

ll(w,Ui)lli-(0,T;L2(fi)x<) £ IIK,«i)llia(n)xJ?; + I N U 2 ((o,t) xr ) ■ (3.6) 
The details of the proof of Theorem 13. II are omitted since they follow the same steps as in [34] . 



3.1.2 Controllability and main results 



' vtt - Aw - A^ = 0, (t, x) G Qt, 

v(t,x)=0, (t,x)eE T , 

v(0,x) = vq(x), x e il, 

vt(0, x) = v\{x), iGd. 



It is by now classical that controllability of (|3.1j) is characterized through an observability inequal- 
ity for the adjoint system as follows below. 

Given initial data (ito,Mi) £ L 2 (£l) x H\ , a possible control /i G L 2 ((0,T) x To) must satisfy 
the identity 

f T f dv 

J Q J T h ^ dadt ~ <M0),v{0)> H > xMx + <u(0),v t (0)> L 2 {nhL 2 {n) =0, (3.7) 
where v is the solution of the adjoint system 

-^ = 0, (t,x)eQ T , 

(3.8) 

The operator A\ defined by A\(wi,W2) = (w 2 ,Awi + X\x\ 2 wi) for all (wi,w 2 ) G D(A\) = 
D{A\) x H\, generates the wave semigroup i.e. (A\, D(A\)) is m-dissipative in H\ x L 2 (tt). In 
view of that, due to the theory of semigroups, the adjoint system is well-posed and more precisely 
it holds that 

Proposition 3.1 (see, e.g. [34). (1) For any initial data (wo,fi) G H\ x L 2 (il) there exists a 
unique solution of (3. 8\) 

ue C([0,T];i/ A )nC 1 ([0,T];i 2 (r!)). 

Moreover, 

\\(v,v t )\\ L oo( 0iT . HxXL 2( n) ) < \\v \\ Hx + |K'i||L2 (n) (3.9) 
(2) For any initial data (t>o,vi) € D(A\) x H\ there exists a unique solution of \3.8\ ) such thar 
v G C([0, T];D(A X )) n C^QO, T];H X ) n C 2 ([0, T];L 2 (&1)). 

Moreover 

W(v,Vt)\\L^(0,T,D(A x )xH x ) < \\vo\\d(A x ) + IM|ff A (3.10) 
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In the sequel, we claim some "hidden regularity" effect for the system (|3.8I) which may not be 
directly deduce from the semigroup regularity but from the equation itself. 

Theorem 3.2 (Hidden regularity). Assume A < \(N) and v is the solution of (|3.8I) corre- 
sponding to the initial data (vo,vi) G H x x L 2 (f2). Then v satisfies 

\l J r {x ' v) {%) 2<iadt ~ £ i {%) 2 ^ d(jdt ~ INI ^ + INI'w ( 3J1 ) 
Moreover, v verifies the identity 

1 f T f /dv\ 2 T f N~l T 

2 Jo X^'^feJ d(Tdt = ^(ll^ollk + H u iHi 2 (o)) + J^v t (x-Vv + ^—v) Q dx. (3.12) 

Due to Theorem the operator (v , vi) H> ( j Q T J rQ (x ■ v)(dv / 'dv) 2 dcrdt) 1 ^ 2 is a linear contin- 
uous map in H\ x L 2 (Vl). Let T-L be the completion of this norm in H\ x L 2 (il). We consider the 
functional J : H — > R defined by 

J(«o,vi)(«) := ^ y y ( x ' v ){^) dcrd< ~ < u i: u o >i/;,H A +( u o,vi) L 2 {nhL 2 (n) , (3.13) 

where u is the solution of (|3.8|) corresponding to initial data (uo,Ui). Of course, < ■, ■ > H > H ^ 

denotes the duality product. A control h G L 2 ((0,T) x To) satisfying (|3 . T[) could be chosen 
as h = (x ■ v)v m i a where v m { n minimizes the functional J on % among the solutions v of ()3.8|) 
corresponding to the initial data (uq, u±) G H x x L 2 (f2) The existence of a minimizer of J is assured 
by the coercivity of J, which is equivalent to the Observability inequality for the adjoint system 

dv\ 2 



vo\\ 2 Hx + \\vi\\h m < / {x-v)(£) dadt, (3.14) 



E^t) = -{\\v t mh { n) + \Vm\H x ) (3-15) 



Conservation of energy. 

For any A < A(iV) and any fixed time t > 0, let us define the energy associated to ([37 

1 

2 

We note that our system is conservative and therefore 

^(t)=-E£(0), VA<A(A0, VteM. 

Next we claim our main results which answer to the controllability question. 

Theorem 3.3 (Observability inequality). For all A < X(N), there exists a positive constant 
D\ = Di(Q, A,T) such that for all T > 2i?o, a^rf initial data (vq,vi) G i?A x £ 2 (^2) i/ie 
solution of Ii3. 8\) verifies the observability inequality 



(3.16) 



The proof of Theorem 13.31 relies mainly on the method of multipliers (cf. [27]) and the so 
called compactness uniqueness argument (cf. |28j). combined with the new Hardy inequalities 
above. These results guarantee the exact controllability of (|1.10j) when the control acts on the 
part To. In conclusion, we obtain 

Theorem 3.4 (Controllability). Assume that £7 satisfies Q7] and A < X(N). For any time 
T > 2R a , (uojWi) € L 2 (tt) x H x and (uo~,ut) G L 2 (Q) x H x there exists h G £ 2 ((0,T) x T ) such 
that the solution of il.lU\) satisfies 

(ut(T,x),u(T,x)) = (ui(x) ,uq(x)) for all x G O. 
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3.1.3 Proofs of main results 



First of all, wc need to justify that the solution v of adjoint system (|3.8j) posses enough regularity 
to guarantee the integrability of the boundary term in p,16[) . The justification is not trivial 
because the presence of the singularity at the boundary. 



Proof of Theorem \3.S[ We will proceed straightforward from Theorem [ 

Firstly, we consider initial data (vo,vi) in D(A\) = D(A\) x H\. Then, according to Propo- 
sition [3TT] we have 

v£C([0,T};D(A x ))nC 1 ([0,T};H x )nC 2 ([0,T};L 2 (a)). 
For a fixed time t £ [0,T] we apply Theorem 12.21 for A\v = —Vu and we obtain 

[^{x,tjf\x\ 2 <k? < \\v(t)\\% x + \\v tt (t)\\h {n) , Vt £ [0,T]. 

Integrating in time and if necessary in space we derive 



(3.17) 



(^-(x,t)) 2 \x\ 2 dadt < [ \\v(t)\\ 2 H dt+ [ v 2 (T,x)dx- [ v 2 (0,x)dx. 

\OV I In Jo .la 



According to the conservation of energy we reach to 



(3.18) 



J j r (^{x,t)f\x\ 2 dadt<2j^ E$(t)dt + E$(X) 

= (2T + 2)£#(0) 

= (r + i)(||«b||ir A + IKIIi»( n) ). 



(3.19) 



Since x ■ v < |x| 2 on T, from above we conclude the inequality (|3,11[) . 

Next, we apply the Pohozaev identity for v(t), t £ [0, T]. Indeed, integrating in time in 
Theorem 12.21 for A\v = —vu, we get 



1 

2 Jo 



(x-v) 



dv\ 2 



dv 



dadt = / vt(x-Vv) 



Vt{x ■ Wv) 



dx 



N -2 



\Ht)\\ 2 dt 



dx 



x ■ V (v 2 )dxdt — 



dx 



vt{x ■ Vw) 



n 

N - 1 



dx , 
o 2 



\vt(t)\\h(n) dt 



N-2 



N - 2 



\v(t)\\ 2 dt 



\v(t)\\ 2 dt 



[\\vt(t)\\ 2 LHn) dt+\\v(t)\\ 2 Hx ]dt 



[\\vt(t)\\h m -\\v(t)\\ 2 Hx ]dt. 



(3.20) 



Multiplying the equation of (Wx)adj by v and integrate in space, the equipartition of the energy 

T 



vv t 



dx 



\vt(t)\\ 2 



L 2 (fl) 



\\v\\ 2 Hx 



holds true. Due to the conservation of energy and from relations above, we obtain precisely the 
identity (|3.12j) . This yields the proof of Theorem l2.1l for initial data in the domain D(A\). Then, by 
density arguments, one can extend the results for less regular initial data (vq, Vi) £ H\ x L 2 (fl). □ 
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Proof of Theorem \3.S[ In what follows we present the proof in the critical case A = X(N), which 
is of main interest. The subcritical case A < X(N) is let to the reader. 

Step 1. Firstly, from Lemma T3. 2 1 we remark that 

rT 

(3.21) 



N — 1 T I 

v t (—z— v + x ■ Vv)dx + TE^ N \0) < - 



JTa 



(x ■ v){ — ) 2 dodt. 



For a fixed time t = t Q > 0, by Cauchy-Schwartz inequality we have 



fN-1 

Vt I v + x ■ Vii ) ax 

n \ 2 



Rn 



< 

t=tn 2 



v t dx 



2Rn L ( 
R n [{ ,|2 1 If 

+ (iV - 1) / w(.t • Vt;)tte 



1 r, \ 2 , 

— - — v + x-Vvj dx 



iV - 1\ 2 



w lli2 ( n) + \\x ■ Vu| 



L 2 (n) 



On the other hand it follows 
u(x • Vv)c&r = 

a 

Therefore we obtain 
N - 1 



x ■ \7(v 2 )dx 



div(x)v 2 dx 



N 



v dx 



-v + x ■ Vw dx 



^ 1 II Y7 l|2 , M 2 



1 /N 2 -l 



2Rn 



Applying Theorem 13.31 we deduce 
/ N - 1 



v + x ■ Vv dx 



<R n E^ N \t )-C\\v(t )\\ 2 L2{n) , 



Il 2 (Q) 



(3.22) 



for some constant C . Due to the conservation of the energy and taking to = respectively to = T 
and summing in (|3.22[) we get 



/N- 1 





t=T 


j dx 






t=0 



vti- 



From (|cT2Tj) and $£23$ wc obtain 



< 2R n E^ N \o) - ff(|K0)||i, (n) + \\v(T)\\ 2 L2(u) ), (3.23) 



(T-2R Q )E* N \0)<± I' I (x-v)^ydadt + C(\\v(0)\\ 2 L2 + \\v(T)\\ 2 L2 ). (3.24) 



-To 



Step 2. To get rid of the remainder term at the right hand side of p.24[) we need the following 
lemma. 



Lemma 3.1. There exists a positive constant C = C(T, O) > such that 

' dv\ 2 



T 

o Jr f 



dadt 



\LHCl) + ll«( r )llL2 (a) < C 

for all finite energy solution of i3.!i!\) . 

Combining Lemma 13-11 with (|3.24j) , the Observability inequality is finally proved. 



(3.25) 



□ 



Proof of Lemma \3Jl We apply a classical compactness-uniqueness argument. Suppose by contra- 
diction that (|3.25[) does not hold. Then there exists a sequence (vg,i>™) of initial data such that 
the corresponding solution v n verifies 



l« n (o)ll| 3(n) + IKCr)||£ acn) 



— > oo. 



dadt 
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Normalizing we may suppose that 



f T f /dv n \ 2 
m + \\v n {T)\\l*M = 1, ^ J r (* ■ v ){-q^) d ° dt °- ( 3 - 26 ) 



From f|3 . 24[) we deduce that the corresponding energy is uniformly bounded. In particular, we 
deduce that v" is uniformly bounded in 

C([0,T]; J ff AW )nC 1 ([0,T];i 2 (fi)). 

Therefore, by extracting a subsequence 

v n v in L°°(0, T; H X{N) ) weakly-*, (3.27) 

From Theorem 12. II we obtain 

— ^fx~D^ — V^in L°°(0,T;L 2 (T o )) weakly-*. 
ov ov 

Furthermore, by lower semicontinuity, 

< / / (x ■ v) ( dadt < liminf / (x-u)( dadt = 0. 

JO J r ^dvJ n-S-oo J Q J To V dv ) 

Hence 
and 

Ou 

(a;-i/)— =0, a.e. onr , Vie[0,Tl. (3.28) 

Of 

On the other hand, from compactness we deduce that 

v n -> w in L°°(0,T;L 2 (Q)), 

which combined with Q3.26P yield to 

ll«o||!= ( n) + ||v(T)||| 2(n) = l. (3.29) 

To end the proof of Lemma [3.11 it suffices to observe that p.28p ~ (|3.29p lead to a contradiction. 
Indeed, in view of p.28|) and by Holmgreen unique continuation we deduce that v = in i~l which 
is in contradiction with (|3.29p . □ 

Remark 3.1. Unique continuation results may be applied far from origin where coefficient of the 
lower order term of the operator —dtt — A — A/|a;| 2 is analytic in time (actually, it is independent 
of time and bounded in space). The principal part coincides with the D ' Alambertian operator, then 
one can apply Homlgreen's unique continuation to get v = a.e. in Q \ B(0, e) for any e > 0. In 
consequence, we will have v = in tt, see 



3.2 The Schrodinger equation 

In this section we consider the Schrodinger-like equation 



iut - Ait - A |^ = 0, (t, x) G Qt, 

u(t, x) = h(t, x), (t, x) G (0, T) x r , /„ „ n \ 

u(t,x) = o, {t,x) g (o,T) x (r\r ), ( ' 

u(0, x) = Uq(x), ig!1, 
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Moreover, we assume f2 C M. N , N > 1, is a smooth bounded domain satisfying case CI and 
A < X(N) := N 2 /A. For the Schrodinger equation we define the Hilbcrt spaces L 2 (ft;C) and 
Hq(£1; C) endowed with the inner products 



< u, v >L 2 (n-c) := R- e / u(x)v(x)dx, Vu, v £ L (O; C), 

< u, « > H -i(Q. C ):= Re J Vit(x) • S7v(x)dx, yu,v £ Hq(Q;C). 

For all A < X(N), we also define the Hilbert space if\(fi;C) as the completion of ^(SljC) with 
respect to the norm associated with the inner product 



< u,v >H x (n-s 



Re 



(Vu(a) • Vv(x) - \ U Y V ( X ' )dx, Vu,«GflS(fi;C). (3.31) 



The spaces £ 2 (r2; C), (SI; C), H\(il; C) inherit the properties of the corresponding real spaces. 
In order to simplify the notations, we will write L 2 (fl), iJg(fi), H\ without making confusions. 

As shown for the wave equation, the system (|3.30[) is well posed. 

Theorem 3.5 (see [34]). Let T > be given and assume A < A(7V). For every uo G H x and any 
h £ L 2 ((0,T) x To) the system <|3.30[) is well-posed, i.e. there exists a unique weak solution such 
that 

u£C([0,T];H' x ). 

Moreover, there exists constant C > such that the solution of (S\) satisfies 

II u IIl~(o,t ; ^) ^ c (\\ u o\\ H ' x + INU 2 ((o,T)xr ))- 

The system (|3.30|) is also controllable. More precisely, the control result states as follows. 

Theorem 3.6. The system (S\) is controllable for any A < A(iV). More precisely, for any time 
T > 0, uo £ H\ and uq £ H x there exists h e L 2 ((0,T) x To) such that the solution of (S\) 
satisfies 

u(T,x) = uo(x) for all x £ Q. 

As discussed in Subsection l3.1[ the controllability is equivalent to the Observability inequality 
for the solution of the adjoint system 

iv t + Av + Aj^ja = 0, (t,x) £ Q T , 

v{t,x)=0, (t,x) £ (0,T)xr, (3.32) 

v(0, x) = vo(x), x e f2, 

More precisely, if v solves (|3.32[) . then for any time T > 0, there exists a positive constant Ct 
such that 

dv 2 



\vo\\h, < Ct 



{x ■ v) 



dadt. 



(3.33) 



Observability (|3.33[) might be deduced directly using the multiplier identity stated in Lemma 13.21 
The proof is let to the reader since it follows the same steps in [31] . 

Lemma 3.2. Assume A < A* and v is the solution of (|3.32l) corresponding to the initial data 
Vq £ H\. Then 



dv 
dv 



\x\ 2 dadt < \\v \\ 2 Hx 



(3.34) 



and v satisfies the identity 



1 



(x ■ v) 



dv 2 



dadt = T\\v\\ H 



—Im 
2 



• Vvdx 



t=T 



Remark 3.2. Besides, the proof of (|3.33p can be deduced from the result valid for the wave 
equation. Indeed, the general theory presented in an abstract form in \31}/ . assure the observability 
of systems like z = iA$z using results available for systems of the form z = —Aqz. 
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4 Open problems 



1. Geometric constraints. In this paper we have shown the role of the Pohozaev identity, in the 
context of boundary singularities, when studying the controllability of conservative systems like 
Wave and Schrodingcr equations. We proved that for any A < A(iV) = N 2 /4, the corresponding 
systems are exact observable from To precised in Our result enlarges the range of values 
A < (N — 2) 2 /4 for which the control holds, proved firstly in [34] in the context of interior 
singularities. 

The geometrical assumption for Tq is really necessary, otherwise our proof does not work. Of 
course, it is still open to be analysed the case when the central of gravity of To is centered at a 
point xq different by zero, i.e. ro = {x 6 T | (x — xq) ■ v > 0}. This choice of Tq provide some 
technical difficulties which have been also emphasized in |34| . En eventually proof in the case of 
a such domain Tq should apply a different technique that we have used so far. 

2. Multipolar singularities. The same Pohozaev identity and controllability issues could be 
address for more complicated operators, like for instance L = —A — V(x), where V(x) denotes a 
multi-particle potential. To the best of our knowledge, even if there are some important works 
studying Hardy-type inequalities for multipolar potentials (see e.g. [6] et al.), an accurate analysis 
is still to be done. In a forthcoming work we study two particles systems. Our goal is to analyze 
the limit process when one particle collapses to the other. We apply this both in the context of 
controllability and the diffusion heat processes discussing the time decay of solutions. 



5 Appendix: sharp bounds for ||a; • Vu(£)||£2(™ 

Proof of Theorem Without losing the generality it is enough to consider two type of geome- 
tries for O as follows. 

Gl: The points on T satisfy x n > in the neighborhood of origin. 

G2; The points on T satisfy xn < in the neighborhood of origin. 

In the other intermediate case (when xn changes sign at origin) the result valid for case G2 
still holds true since we can prove it for test functions extended with zero up to a domain satisfying 
G2. 

The proof follows several steps. 

Step 1. Firstly we show that Theorem 11.11 is locally true. More precisely, there exists ro = 
ro(0, N) > small enough, and C = C(r ) such that 



\x\ 2 \Vv\ 2 dx < R 2 Q 



N 2 f v 2 
\Vv\ 2 dx - — / -^dx 
4 Ja rn \ x 



- fi rg 



C(r ) / v'dx, (5.1) 



holds true for any function v G C§°(Q ro ), where f2 ro = O n £> ro (0). 

Next we check the validity of Step 1. For that let us consider a function </> which satisfies 



> j4 0>o, v s sn ro , 



for some positive constant ro. Such a function exists for each one of the case G1-G2. Indeed, for 
the case Gl we may consider <p = xn\x\~ n I 2 and for case G2 we can take 

4> = d(x)e^- N ^ log^ 1/2 \x\~ N / 2 . 

Next we introduce u such that v = ipu. Then we get 



Vw| 2 = |V0| V + <j) 2 \\Ju\ 2 + 20uV0 • Vu. 



2G 



Next, integrating we get 



f \Vv\ 2 dx= [ \Vu\ 2 <t> 2 dx - f -^v 2 . 



(5.2) 



On the other hand, we obtain 



x\ 2 \Vv\ 2 dx = / \x\ 2 \V<t>\ 2 u 2 dx+ / \x\ 2 (t) 2 \Vu\ 2 dx 



x\ 2 V{(j) 2 ) ■ V(u 2 )dx (5.3) 



Next we deduce 

-f \x\ 2 V{<t> 2 )-V{u 2 )dx = - f 2?—^v 2 dx-[ \x\ 2 \V4>\ 2 u 2 dx- [ ^\x\ 2 v 2 dx. 
2 Jn ro Jn ro <P Jn ro Jn ro 4> 



According to (|5.3[) and (|5.4[) we obtain 



x\*\Vv\ i dx= / \xY<j> A \Vu\ 2 dx 



2x-\7(f> 2 



^\x\ 2 v 2 dx. 

Qrn 9 



(5.4) 



Let us write 



Acj) N 2 



A\x\ 



P. 



where P > for any x £ £l ro . Then from (|5.2[) we have 



M 2 2 |V U | 2 (iE<i?2 / 2| Vu |2 = i? 2 / | Vv |2 dx , ^ 



''I) 



From above and (15.51) it follows that 



IT7 ,2 N2 V 2 

VW -^T|-i2 

4 kc r 



dx-R 2 n I Pv 2 dx. 



'■a 



(5.6) 



(5.7) 



a;| 2 |Vv| 2 £fa: < Rfc / |Vw 



A 2 v 2 



n„ L 4 |x| 

g ' W 2 , 

; — w ax - 



dx-Rk / /Vdx 



AT2 



i? 2 



A 2 w 2 

2 



P)\x\ 2 v 2 dx 



l v ^l 2 - ~rr~|2 dx + / (l-^l 2 - Rl)Pv 2 dx 



a; ■ 



2 / —v 2 dx 



N' 2 



v dx. 



In the case Gl for ro small enough we have P = and 

x ■ V</> 



<C, VieO ro , 



(5.8) 



holds for some positive constant C. Thanks to (|5.8I) we conclude the proof of Step 1 in the cases 
Gl. 

In the case G2, for ro small enough we have 

P > 0, Vd • x > 0, Vie r2 rn 
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Then, wc remark 

(p a 

and from above we also finish the proof of Step 1 in this case. 

Step 2. This step consist in applying a cut-off argument to transfer the validity of inequality 
(15. ip from fl ro to fi. More precisely, we consider a cut-off function 6 € C^°(fl) such that 

*(*) = {!' hj r0/2 ' (5.9) 
t 0, |x| > r . 

Then we split u e Cg°(fi) as follows, 

W = 0t> + (1 — (9)v := wi + W2- 

Next let us firstly prove the following lema. 

Lemma 5.1. Let us consider a weight function p : C°°(f2) — > R which is bounded and non 
negative. There exists C(f2,p) > such that the following inequality holds 



p(x)Vw 1 -Vw 2 dx>-C(n,p,r) I \v\ 2 dx. (5.10) 

n 



Proof of Lemma \5.1\ From the boundary conditions, integrating by parts we have 

/ pVwi • Vw 2 dx = [ p9{l-8)\\7v\ 2 dx+ [ pvVv ■ Vp(l - 29)dx - [ 9\S78\ 2 \v\ 2 dx 
Jn J Jn J 

>\( V(M 2 ) ■ V0(1 - 28)pdx - \\p\U\D6Wl [ \v\ 2 dx 



n. \n ro/2 

dto{{l-26)pV0)\v\ 2 dx-\\p\\ oo \\D0\\ 2 oo I \v\ 2 dx 



1 

2 Jn ro \n ro/2 Jn 

>-C(\\p\\ wl ,ao,\\e\\w>.-) I \v?dx. (5.11) 

Jo 

□ 

Now we are able to finalize the proof of Step 2. Indeed, splitting v as before we get 

I \x\ 2 \\7v\ 2 dx= I \x\ 2 \\7w!\ 2 dx + \x\ 2 \\7w 2 \ 2 dx + 2 [ |x| 2 Vwi • \7w 2 dx 

Jn Jn ro Jn\n ro/2 Jn ro \n ra/2 

Applying (|5.1[) to Wi we obtain 



\x\ 2 \Vv\ 2 dx < Rl 



n 



| V d 2 dx - — / ^dx 



C I v 2 dx- 
'n 



- 2{R 2 n - |x| 2 )Vwi • Vw 2 dx. (5.12) 

JQ ro \Q ro / 2 

Adding p = 2(R 2 2 — \x\ 2 )) in Lemma [5~T| from (|5.12j) we get 

1 +C(fl,r ) I v 2 dx. (5.13) 



\x\ 2 \Vv\ 2 dx<Rl 
n 



N 2 f w 2 , 



\7v\ 2 dx - — / — ^dx 
n 4 J n __ \x\ 2 



n 



On the other hand we remark that 

,2 r -.2 



Lw-f a w dx - CM l/ dx ' (5 - 14) 

From (|5 . 1 3[) and (|5 . 14[) the conclusion of Theorem 11.11 yields choosing ro small enough, ro < 
Rn- □ 
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